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Various aspects of the simple phenomenological model, the grand combinational model
(GCM), proposed earlier for the systematic description of the center-of-mass (cm) rapid-
ity distributions of different particles produced in high energy heavy ion collisions, were
analyzed. The values of GCM parameters were extracted from fitting the cm rapid-
ity distributions of the negative pions in 12C+12C collisions at

√
snn = 3.14GeV

both in the experiment and using Modified FRITIOF Model. The GCM parameters
extracted for the central 12C+12C collisions were compared with those obtained in
central Pb+Pb collisions at super proton synchrotron (SPS) and alternating gradient
synchrotron (AGS) energies between

√
snn = 6.3GeV and

√
snn = 12.3GeV and in

central Au+Au collisions at Relativistic heavy ion collider (RHIC) energies between√
snn = 19.6GeV and

√
snn = 200 GeV. The plausible physical interpretations for the

GCM parameters were given. The initial assumption that the parameter β of GCM
should be zero for symmetric systems with identical colliding nuclei was validated. The
parameter γ of GCM was deduced to follow an approximate asymptotic behavior (γ → 0
as

√
snn → ∞) at very large cm energies, and γ ∼= 0 could possibly be related to com-

plete dehadronization of the whole collision system, along with attaining its maximum
possible energy density, in central collisions of identical nuclei. The behavior of cm energy
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1550049-1

In
t. 

J.
 M

od
. P

hy
s.

 E
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 W

SP
C

 o
n 

06
/1

0/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.

http://dx.doi.org/10.1142/S0218301315500494


2nd Reading

June 8, 2015 13:1 WSPC/S0218-3013 143-IJMPE 1550049

Kh. K. Olimov et al.

dependence of γ suggested that it could possibly be sensitive to deconfinement phase
transition.

Keywords: Central nucleus–nucleus collisions; symmetric collision systems; phenomeno-
logical analysis of rapidity distribution of hadrons; pions; dehadronization; deconfine-
ment phase transition.

PACS Number(s): 14.40.Be, 25.10.+s, 21.65.Qr, 25.75.−q, 25.75.Nq

1. Introduction

The threshold energies for pion production in nucleon–nucleon collision are around
290 and 280MeV for charged and neutral pions, respectively. Hence, pions are
the predominantly produced particles in collisions of intermediate and high energy
nuclei. The temperatures of pions, extracted from their transverse momentum
or/and transverse energy spectra, are important for analysis of the nuclear equation
of state. Pion production was also suggested as a probe of compressional energy in
the high-density phase of near head-on collision.1,2 Investigation of the properties
of pions is also important for understanding the dynamics of a nuclear collision.

The pions produced at the energies of the Dubna synchrophasotron can be
unambiguously separated from the other secondary particles produced in nuclear
collisions. The excitation and decay of baryon resonances were shown to be one
of the main processes responsible for pion production in relativistic nuclear colli-
sions. In Refs. 3–11 it was shown that the significant fraction of pions produced
in experiments on 2 m propane and 1m hydrogen bubble chambers of the Joint
Institute for Nuclear Research (JINR, Dubna, Russia) came from decay of delta
resonances. It was stated also in Refs. 12–16 that the delta resonances play an
important role in pion production in heavy ion collisions at the energies of the
order of a few GeV/nucleon. The decay kinematics of ∆ resonances was shown to
be responsible for the low transverse momentum enhancement of pion spectra in
hadron–nucleus and nucleus–nucleus collisions at incident beam energies from 1 to
15GeV per nucleon.4,15,16

Information about the state of excited and compressed nuclear matter, produced
in relativistic nucleus–nucleus collisions, like collision dynamics and particle pro-
duction mechanism could be extracted from analysis of the centrality dependence
of the rapidity and transverse momentum spectra of pions.12,17–22 The momentum,
transverse momentum and rapidity distributions of the negative pions produced in
Mg+Mg collisions at 4.3GeV/c per nucleon were analyzed in Ref. 22. Analysis of
pion rapidity distribution showed that the central rapidity region was occupied with
pions of significantly larger transverse momentum as compared to the fragmenta-
tion region of interacting nuclei.22 The rapidity distributions of negative pions in
(p, d, α, C)+C and (d, α, C)+Ta collisions at 4.2AGeV/c were analyzed in different
transverse momentum intervals of π− in Refs. 20 and 21. With increasing transverse
momentum, the fraction of negative pions in central rapidity region increased and
the corresponding fraction in fragmentation region of colliding nuclei decreased.
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Negative pions with large transverse momentum were mainly concentrated in cen-
tral rapidity interval.20,21 The quantitative analysis of centrality dependence of
rapidity as well as that of transverse momentum spectra of the negative pions in
d +12 C, 12C + 12C and 12C +181 Ta collisions at 4.2AGeV/c was made in Ref. 23
by fitting the pion spectra with a Gaussian. The widths of rapidity spectra of
π−mesons decreased in going from peripheral to central d +12 C, 12C + 12C, and
12C + 181Ta collisions.23 With increasing collision centrality, the centers of rapidity
distributions of negative pions shifted towards the target fragmentation region in
the case of asymmetric d +12 C and 12C + 181Ta collisions and remained at midra-
pidity position for symmetric 12C + 12C collisions. The extracted widths and mean
values of transverse momentum versus rapidity spectra of negative pions did not
depend within uncertainties on the masses of projectile and target nuclei as well as
the collision centrality.23

It is necessary to add that the width of rapidity distribution of particles, pro-
duced in relativistic nucleus–nucleus collisions, contains information about the
longitudinal flow24 and final state rescattering.25 Longitudinal flow was found to
increase18 with increasing

√
snn. For a given freeze-out temperature, the width of

rapidity distribution in the Landau hydrodynamical model was found to be sensitive
to the velocity of sound in the medium at freeze-out.26

The present paper is a continuation of our recent works,23,27–30 which were
devoted to analysis of the centrality dependence of rapidity and transverse momen-
tum spectra of the negative pions along with their spectral temperatures in nucleus–
nucleus collisions at 4.2AGeV/c. We will investigate various aspects of the simple
phenomenological model, the grand combinational model (GCM),31–34 via using it
for description of the cm rapidity distribution of the negative pions in 12C+12C
collisions at 4.2AGeV/c. Following the expressions and ideas of Refs. 35–38 based
on scaling properties of particle production, the GCM was developed and used31–34

for the systematic description of the cm rapidity (pseudorapidity) distributions of
various particles produced in central symmetric heavy ion collisions at high energies.

We will fit the cm rapidity distributions of the negative pions, produced in
minimum bias, central, and peripheral 12C+12C collisions at 4.2AGeV/c (

√
snn =

3.14GeV) by GCM. The GCM parameters extracted from fitting the cm rapidity
distributions of the negative pions in central 12C+12C collisions at

√
snn = 3.14GeV

will be compared with those obtained in Ref. 34 from approximation by GCM
of the cm experimental rapidity (pseudorapidity) distributions of pions produced
in central Pb+Pb collisions at SPS and AGS energies between

√
snn = 6.3GeV

and
√

snn = 12.3GeV and in central Au+Au collisions at RHIC energies between√
snn = 19.6GeV and

√
snn = 200GeV. Based on the analysis and comparison of

our results with those obtained in high energy central heavy ion collisions, we aim to
give a plausible physical interpretation of the GCM parameters lacking in Refs. 31–
34. The applicability of GCM for adequate description of the experimental data
from 12C+ 12C collisions at intermediate energies will also be studied. For the sake
of comparison, also the cm rapidity distributions of the negative pions, calculated
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using Modified FRITIOF model adapted to intermediate energies,39–42 in 12C+12C
collisions at

√
snn = 3.14GeV will be analyzed using GCM.

The paper is organized as follows. The experimental procedures and description
of GCM are presented in Sec. 2. The analysis of the pion rapidity distributions
using GCM and results are described in Sec. 3. Section 4 contains the summary
and conclusions of the present work.

2. Experimental Procedures and GCM

The data analyzed in the present work were obtained using 2m propane (C3H8)
bubble chamber of Laboratory of High Energies of JINR (Dubna, Russia). The
chamber, placed in a magnetic field of strength 1.5T,19,23,41,43–48 was irradiated
with beams of 12C nuclei accelerated to a momentum of 4.2GeV/c per nucleon at
Dubna synchrophasotron. Methods of selection of inelastic 12C+12C collision events
in this experiment were given in detail in Refs. 19, 23, 41 and 43–48. Threshold for
detection of π−mesons produced in 12C+12C collisions was ≈ 70MeV/c. In some
momentum and angular intervals, the particles could not be detected with 100%
efficiency. To account for small losses of particles emitted under large angles to
object plane of the camera, the relevant corrections were introduced as discussed
in Refs. 19, 23, 41 and 43–48. The average uncertainty in measurement of emis-
sion angle of the negative pions was 0.8 degrees. The mean relative uncertainty of
momentum measurement of π−mesons from the curvature of their tracks in propane
bubble chamber was ≈ 6%. All the negative particles, except for those identified
as electrons, were considered to be π−mesons. Admixtures of unidentified electrons
and negative strange particles did not exceed 5%. In our experiment, the specta-
tor protons are: Protons with momenta p > 3GeV/c and emission angle θ < 4
degrees (projectile spectators) and protons with momenta p < 0.3GeV/c (target
spectators) in the laboratory frame.19,23,41,43–48 Thus, the participant protons are
the protons which remain after elimination of the spectator protons. The statistics
of the experimental data analyzed in the present work consists of 20,528 12C+12C
minimum bias inelastic collision events with practically all the secondary charged
particles detected and measured in 4π acceptance.

For the purpose of comparison, we simulated 50,000 12C+12C minimum bias
inelastic collision events using Modified FRITIOF model adapted to intermediate
energies.39–42 The model parameters used for simulation were the same as given in
Ref. 40. Modified FRITIOF model could describe quite satisfactorily many results
obtained in hadron−nucleus and nucleus−nucleus collisions at JINR experiments
at intermediate energies.30,40–42,49,50 The brief description of the model is given
below.

The FRITIOF model assumes the two particle kinematics of inelastic hh inter-
actions, a + b → a′ + b′, where a′ and b′ are excited states of initial hadrons a

and b, respectively. The excited states are characterized by their masses. To choose
hadron masses, the approach presented in Refs. 51 and 52 was employed. The
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model parameters were refined in Refs. 53 and 54. In case of hA and AA interac-
tions, it is assumed that nucleons excited in primary collisions can interact with each
other and with other nucleons, and so their masses increase steadily with successive
interactions. The probability of multiple scatterings was calculated using Glauber
approach. Excited hadrons were considered as quantum chromodynamics (QCD)
strings, and fragmentation of these strings resulted in production of hadrons. The
multiplicity of secondary particles increased with increasing the string mass. To
determine the time sequence of nucleon–nucleon collisions in case of hA and AA
interactions, the Glauber approximation was used. Since cascade processes involving
secondary particles were disregarded, the characteristics of slow particles produced
in the breakup of a nucleus could not be described in the FRITIOF model. To
overcome this drawback, it was suggested to modify FRITIOF model by supple-
menting it with the Reggeon model of a nucleus breakup.55 The nucleus breakup
was taken into account in two steps. In the first step, the number of inelastically
interacting nucleons (that is, the number of the so-called hit ones) was determined
using Glauber approximation.56 In the second step, the noninteracting nucleons
were considered. It was assumed that a noninteracting nucleon, which is at an
impact distance r from a hit nucleon, can be involved in a Reggeon cascade with
the probability W = Cnd exp(− r2

r2
nd

). Such a nucleon can involve another spectator
nucleon, and so on and so forth. All the hit and involved nucleons were assumed
to leave the nucleus. To describe adequately the multiplicity of protons partici-
pating in collisions of nuclei with carbon nuclei, the parameter values Cnd = 1
and rnd = 1.2 fm were chosen. To calculate the excitation energy of the residual
nucleus, the method presented in Ref. 57 was used. The evaporation model58,59 was
employed to simulate the relaxation of excited nuclei. The absolute normalization of
the spectra was determined by the Glauber cross-sections. The center-of-mass (cm)
correlations were accounted for as shown in Ref. 60. The densities of light nuclei
were parameterized as given in Ref. 57. Modifications of the characteristics of NN
interactions in a nuclear medium were not considered in the Modified FRITIOF
model.

Comparison of the mean multiplicities per event of the negative pions and par-
ticipant protons and the average values of rapidity and transverse momentum of
π− mesons in 12C+12C collisions at 4.2AGeV/c in the experiment and Modified
FRITIOF model is presented in Table 1.

Table 1. Mean multiplicities per event of the negative pions and participant protons and
the average values of rapidity and transverse momentum of π− mesons30 in minimum bias
12C+12C collisions at 4.2A GeV/c (

√
snn = 3.14GeV). The mean rapidities are calculated in

cm of 12C+12C collisions. Only statistical errors are given here and in the tables that follow.

Type 〈n(π−)〉 〈npart.prot.〉 〈yc.m.(π−)〉 〈pt(π−)〉, GeV/c

Experiment 1.45 ± 0.01 4.35 ± 0.02 −0.016 ± 0.005 0.242 ± 0.001
Mod. =Modified FRITIOF 1.42 ± 0.01 3.96 ± 0.01 −0.017 ± 0.003 0.248 ± 0.001
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Fig. 1. The experimental cm rapidity distributions of the negative pions in central (•), peripheral
(�) and minimum bias (�) 12C+12C collisions at

√
snn = 3.14GeV along with the modified

FRITIOF calculations (solid curves), and fits by the function in (4) for the fixed parameters
β = 0, ∆ = 0.55 (dotted curves) and for the fixed parameter β = 0 only (dashed curves). All the
spectra are normalized per one inelastic collision event.

As seen from Table 1, Modified FRITIOF model reproduced quite well the mean
multiplicity, the mean cm rapidity, and the mean transverse momentum of the neg-
ative pions in experiment. As observed from Fig. 1, Modified FRITIOF model
described satisfactorily the experimental rapidity distributions of π− in minimum
bias, central and peripheral 12C+12C collisions at

√
snn = 3.14GeV. A fairly satis-

factory agreement between the experimental and model rapidity distributions of the
negative pions, as well as their average characteristics given in Table 1, indicates a
practical absence of systematic uncertainties in experimental measurements of π−

in 12C+12C collisions. Because the collision impact parameter cannot be measured
directly, the number of participant protons, Np, was used to characterize the col-
lision centrality. References 19, 28, 29 and 61 were followed to define peripheral
collision events to be those in which Np ≤ 〈npart.prot.〉 and central collisions as
the collision events with, Np ≥ 2〈npart.prot.〉, where 〈npart.prot.〉 is the mean multi-
plicity per event of participant protons. It was shown in Ref. 61 that the central
12C+181Ta collisions at 4.2AGeV/c selected using the above criterion were char-
acterized by complete projectile stopping, because, in these collisions, the average
number of interacting projectile nucleons was very close to the total number of
nucleons in a carbon projectile. The same criteria (as given above) were applied
separately to the experimental data and Modified FRITIOF model data to deter-
mine the number of participant protons in each collision event and select the corre-
sponding peripheral and central collision events in both the experiment and model.
Fractions of the central and peripheral 12C+12C collision events, relative to the
total inelastic cross-section, obtained for both experimental and Modified FRITIOF
model data are presented in Table 2. As seen from Table 2, the experimental and the
corresponding model fractions of peripheral and central 12C+12C collision events
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Table 2. Fractions of central and peripheral 12C+12C collision events at 4.2A GeV/c
(
√

snn = 3.14 GeV), relative to the total inelastic cross-section.

Peripheral collisions (%) Central collisions (%)

Experiment Mod.= Modified FRITIOF Experiment Mod.= Modified FRITIOF

58 ± 1 62 ± 1 11 ± 1 12 ± 1

proved to be compatible with each other. Hence, as observed from Table 2, central
12C+12C collision events, selected in the present work, corresponded to ∼ (0–10)%
centrality, and the peripheral ones corresponded to ∼ (40–100)% centrality.

In Ref. 35, a working expression was formulated for phenomenological descrip-
tion of the cm rapidity distributions of particles in proton–proton collisions at
Intersecting Storage Rings (ISR) energy ranges, given by a three-parameter expres-
sion

1
σ

dσ

dy
=

dN

Nevdy
= C

(
1 + exp

|y| − y0

∆

)−1

, (1)

where C is a fitting constant, y0 and ∆ are two parameters, dN is the number of
particles in the rapidity interval dy, Nev is the total number of inelastic collision
events. The term on the left-hand side of Eq. (1) represents the rapidity density
of particles normalized per one inelastic collision event. The choice of the above
form was made to describe conveniently the central plateau and the fall off in the
fragmentation region using the parameters y0 and ∆, respectively. This relation
was introduced also to check the concept of both the limiting fragmentation62 and
the hypothesis of Feynman scaling.63 For all the five cm energies of proton–proton
collisions at ISR, between

√
s = 23GeV and 63GeV, the values of ∆ were extracted

to be ∼ 0.55 for pions32 and kaons,31 ∼ 0.35 for protons/antiprotons,31 and ∼ 0.70
for Λ, Ξ, φ, Σ and Ω. These values of ∆ generally remained almost constant for the
ISR cm energy range. Based on the fitting of the cm rapidity spectra of pions in
proton–proton collisions at ISR energies, the energy dependence of the parameter
y0 was observed32 for pions to follow the empirical relationship

y0 = 0.55 ln
√

snn + 0.88. (2)

Following the ideas and expressions of Refs. 35–38 on scaling properties of particle
production, it was proposed to express the cm rapidity distributions of the particles
produced in nucleus–nucleus collisions through Eq. (1), using the description of the
cm rapidity spectra in proton–proton collisions, as follows:

dN

Nevdy

∣∣∣∣
AB→QX

= C1(AB)f(y) dN

Nevdy

∣∣∣∣
pp→QX

= C1(AB)α+βy+γy2 dN

Nevdy

∣∣∣∣
pp→QX

= C(AB)βy+γy2
(

1 + exp
|y| − y0

∆

)−1

, (3)
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where Q stands for the studied particle, X represents all the other products of
the reaction. C1 and C = C1(AB)α are the normalization constants, A and B are
the mass numbers of the colliding nuclei, and α, β and γ are the parameters to be
extracted separately for each set of colliding nuclei A and B and cm energy. For
the symmetric collisions with identical colliding nuclei (A = B), the final working
formula is expressed by

dN

Nevdy

∣∣∣∣
AA→QX

= C(AA)βy+γy2
(

1 + exp
|y| − y0

∆

)−1

, (4)

which is the final expression for the symmetric collision systems in GCM. The
above multiplicative factor (AA)βy+γy2

suggests that we could extract the physi-
cally meaningful parameters using expression (4) only for central collisions of iden-
tical nuclei, i.e., when practically all the nucleons of colliding nuclei participate
in collision. The suggested choice of the function f(y) = α + βy + γy2 in expres-
sions (3) and (4) was not accidental. The clue for such an expression was taken
from the studies on the behavior of EMC effect in lepton–nucleus collisions, given
in Ref. 64. Similar relationship was also used in Ref. 65 in a somewhat different
context. The symmetric cm rapidity distributions of various particles produced in
high energy collisions of identical heavy nuclei were analyzed using expression (4)
in Refs. 33 and 34. Since the particles and collision systems analyzed in Refs. 33
and 34 substantially overlap, we will compare our results with those of the final
analysis, given in Ref. 34. The coefficient β in expression (4) belongs to a term y,
which is not symmetric under y → (−y) transformation. Based on symmetry of the
collision system, resulting in symmetric rapidity distribution, the β = 0 was intro-
duced33,34 for the fits of cm rapidity distributions of various particles, produced in
high energy collisions of identical nuclei.

3. Analysis and Results

The parameters extracted from χ2 fitting by the expression in (4) of the experimen-
tal and Modified FRITIOF model cm rapidity distributions of the negative pions
in minimum bias, central, and peripheral 12C+12C collisions at

√
snn = 3.14GeV

for the fixed β = 0 and ∆ = 0.55 and for the fixed β = 0 only are presented
in Tables 3 and 4, respectively. R2 factor in Tables 3 and 4 is given by relation
R2 = 1 − SSE

SST
, where SSE =

∑n
i=1 (yexp

i − yfit
i )2 is the sum of squared errors,

SST =
∑n

i=1 (yexp
i − ȳ)2 is the total sum of squares, yexp

i and yfit
i are the original

(experimental) and fit (model) data, respectively, and ȳ = 1
n

∑n
i=1 yexp

i is the mean
value of the experimental data. As the deviation between the experimental and fit
data gets smaller, R2 factor approaches to 1. Hence, the closer R2 factor value to 1,
the better is the fit quality. The corresponding experimental and model cm rapidity
distributions along with the two types of fits by the expression in (4) are shown in
Figs. 1 and 2, respectively. It should be noted that the curves of these two types of
fits mostly overlap in Figs. 1 and 2. As seen from Figs. 1 and 2, the experimental
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Table 3. Parameters of approximation by the expression in (4) of the cm rapidity distribu-
tions of the negative pions in minimum bias, central and peripheral 12C+12C collisions at√

snn = 3.14GeV (β = 0, ∆ = 0.55 are fixed).

Collision type Type C γ y0 χ2/n.d.f. R2

Minimum bias Experiment 0.73 ± 0.02 −0.13 ± 0.03 2.06 ± 0.71 5.58 0.99
Mod.= Modified 0.76 ± 0.02 −0.15 ± 0.02 2.01 ± 0.56 7.61 0.99

FRITIOF
Central Experiment 1.86 ± 0.08 −0.14 ± 0.04 2.16 ± 1.10 1.99 0.99
∼ (0–10)% Mod.= Modified 1.80 ± 0.11 −0.15 ± 0.05 2.02 ± 1.15 1.97 0.99

FRITIOF
Peripheral Experiment 0.34 ± 0.03 −0.12 ± 0.06 2.00 ± 1.50 1.79 0.99
∼ (40–100)% Mod.= Modified 0.44 ± 0.02 −0.14 ± 0.04 2.00 ± 0.91 3.97 0.99

FRITIOF

Table 4. Parameters of approximation by the expression in (4) of the cm rapidity distribu-
tions of the negative pions in minimum bias, central and peripheral 12C+12C collisions at√

snn = 3.14GeV (β = 0 is fixed).

Collision χ2/
type Type C γ y0 ∆ n.d.f. R2

Minimum Experiment 0.69 ± 0.01 −0.140 ± 0.003 2.22 ± 0.05 0.22 ± 0.03 2.72 0.99
bias Mod. =Modified 0.72 ± 0.01 −0.152 ± 0.005 2.08 ± 0.08 0.33 ± 0.04 4.70 0.99

FRITIOF
Central Experiment 1.80 ± 0.03 −0.155 ± 0.004 2.33 ± 0.05 0.11 ± 0.04 1.12 0.99
∼ (0 − 10)% Mod. =Modified 1.73 ± 0.02 −0.166 ± 0.008 2.26 ± 0.13 0.31 ± 0.10 1.74 0.99

FRITIOF
Peripheral Experiment 0.32 ± 0.01 −0.127 ± 0.008 2.10 ± 0.11 0.26 ± 0.06 0.94 0.99
∼ (40 − 100)% Mod. =Modified 0.41 ± 0.01 −0.147 ± 0.007 2.03 ± 0.09 0.29 ± 0.04 1.72 0.99

FRITIOF

and model cm rapidity distributions of the negative pions are described quite sat-
isfactorily by the function in (4). It is necessary to mention that all the χ2 fits
of the present work were conducted by including the statistical uncertainties. The
parameters extracted in Ref. 34 from χ2 fitting by the expression in (4) of the cm
experimental rapidity distributions of the negative pions in central Pb+Pb collisions
at various SPS and AGS energies for the fixed β = 0 and ∆ = 0.55 are presented
in Table 5, for a comparison.

As seen from Tables 3 and 4, the values of the fitting constant C proved to be
significantly larger in case of central 12C+12C collisions at

√
snn = 3.14GeV as

compared to the peripheral ones both in the experiment and Modified FRITIOF
model. Naturally, it reflected the physical fact that the mean multiplicity of the
negative pions produced in central 12C+12C collisions was considerably greater
compared to that in peripheral ones. This is verified by the data of Table 6, which
presents the mean multiplicities of the negative pions and their ratio along with
the ratio of the extracted fitting constants C, given in Table 4, in central and
peripheral 12C+12C collisions at

√
snn = 3.14GeV. As seen from Table 6, the

ratio of the fitting constants C in central and peripheral 12C+12C collisions is
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Fig. 2. The cm rapidity distributions of the negative pions, calculated using modified FRITIOF
model, in central (•), peripheral (�) and minimum bias (�) 12C+12C collisions at

√
snn =

3.14GeV along with the fits by the function in (4) for the fixed parameters β = 0, ∆ = 0.55
(solid curves) and for the fixed parameter β = 0 only (dashed curves). All the spectra are normal-
ized per one inelastic collision event.

Table 5. Parameters extracted in Ref. 34 from approximation by the expression in (4) of
the cm experimental rapidity distributions of the negative pions in central Pb+Pb collisions
at various SPS and AGS energies (β = 0, ∆ ≈ 0.55).

√
snn (GeV) 6.3 7.6 8.7 12.3

γ −0.044 ± 0.0003 −0.037 ± 0.0003 −0.035 ± 0.0003 −0.027 ± 0.0002

Table 6. Mean multiplicities of the negative pions and
their ratios along with the ratios of the extracted fitting
constants C, given in Table 4, in central and peripheral
12C+12C collisions at

√
snn = 3.14GeV.

〈n(π−)〉central Experiment 3.62 ± 0.03
Modified FRITIOF 3.33 ± 0.02

〈n(π−)〉peripheral Experiment 0.70 ± 0.01
Modified FRITIOF 0.83 ± 0.01

〈n(π−)〉central

〈n(π−)〉peripheral
Experiment 5.2 ± 0.2

Modified FRITIOF 4.0 ± 0.1
Ccentral

Cperipheral
Experiment 5.6 ± 0.2

Modified FRITIOF 4.2 ± 0.1

compatible, within the uncertainties, with the ratio of the mean multiplicities of
the negative pions in central and peripheral collisions, both in the experiment and
model. This suggests that parameter C in expression (4) fixes the multiplicity of the
studied particles. Tables 3 and 4 show that the values of C are compatible with each
other in the experiment and model, whereas the extracted values of the parameter
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γ are lower in the model compared to experiment. As observed from Tables 3
and 4, the values of γ were extracted to be consistently lower in central 12C+12C
collisions as compared to the peripheral ones, both in the experiment and model. It
is seen from comparison of Tables 3–5 that the value of γ proved to be consistently
lower (∼ more than four times, on the average) in central 12C+12C collisions at√

snn = 3.14GeV as compared to central Pb+Pb collisions at various SPS and AGS
energies

√
snn ≥ 6.3GeV. This decreasing trend of γ with the decrease of

√
snn can

also be seen for central Pb+Pb collisions in Table 5.
As noted from Tables 3 and 4, the parameters y0(γ) and ∆ show some corre-

lation, i.e., y0(γ) decreases (increases) weakly with the increase of ∆. Let us recall
that the parameters y0 and ∆ were introduced in expression (1) to describe conve-
niently the central plateau and the fall off in fragmentation region of cm rapidity
distributions of produced particles in proton–proton collisions. Then, naturally, y0

could be associated with the quantity related to a rapidity spread (width) (around
central rapidity region) in rapidity units of particles originated from expansion and
freeze-out of a fireball. It was observed31,32 for proton–proton collisions at ISR
energies between

√
s = 23 and 63GeV that the energy dependence of y0 for pions,

Λ, Ξ, Σ, φ and Ω could be approximated empirically through the relation

y0 = k ln
√

snn + b, (5)

where k was assumed to vary slowly with the cm energy, and b was a constant. Using
empirical relation in (2), we obtained y0 = 1.51 for pions produced in proton–proton
collisions at

√
snn = 3.14GeV, which proved to be lower than y0 values, extracted

in the present analysis and given in Tables 3 and 4, for negative pions in central
12C+12C collisions. This result can be understood if we recall that the width of the
rapidity distribution of the produced particles should be larger in nucleus–nucleus
collisions as compared to that in proton–proton collisions at the same

√
snn.

At lower energies (beam energies up to 10GeV per nucleon on a fixed target,
corresponding to

√
snn ≤ 5 GeV), it is expected that compressed nucleonic mat-

ter, or highly excited nuclear matter, with densities up to a few times the normal
nuclear density (ρ0 = 0.16GeV/fm3) and temperatures ∼ 100MeV is produced in
central nucleus–nucleus collisions.66–68 In this case, only small fraction of the cm
energy goes to production of new particles, such as pions and kaons, while the dom-
inant fraction of the cm energy is carried away by the constituent nucleons of the
colliding nuclei. This scenario changes for central heavy ion collisions at higher cm
energies (

√
snn > 5GeV).66 In such high energy domain, the nuclear matter, highly

compressed as a result of head-on collision of heavy ions, undergoes a phase tran-
sition to a deconfined hot matter, called fireball, or Quark–Gluon Plasma (QGP),
at energy density about 1GeV/fm3 and the temperature ∼ 160MeV.66,68–70 This
threshold energy density for deconfinement was shown to be reached already at√

snn ≈ 5 GeV from lattice QCD calculations.68 This extremely dynamical event
of a high energy central (head-on) nucleus–nucleus collision can schematically be
described as undergoing the following stages66: (i) the initial collisions taking place
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during the passage time of colliding nuclei (tpassage = 2R/(γcmc)); (ii) establish-
ment of equilibrium (thermalization); (iii) expansion and cooling of a fireball; (iv)
chemical freeze-out (possibly at hadronization), when inelastic collisions cease and
hadron yields (distribution over the species) are frozen; and (v) kinetic freeze-out,
when elastic collisions cease, and particle spectra and correlations are fixed. In this
case, it is natural that a significant fraction of cm energy is utilized for creation
of the new particles. Obviously, the magnitude of spread around ycm = 0 of the
rapidities of particles, originated from expansion and freeze-out of a fireball pro-
duced in central heavy ion collisions, and so the size of central rapidity region,
increases significantly as compared to central nucleus–nucleus collisions at lower
energies (

√
snn < 5 GeV). For proton–proton collisions at ISR energies, the width

of the central plateau region of rapidity distributions of particles, as well as their
densities in the central region, increased with increasing

√
snn.35

In Ref. 18, the widths of rapidity distributions of particles produced in nucleus–
nucleus collisions at various cm energies, and as a function of centrality at SPS ener-
gies, were studied. The rapidity distributions for pions from

√
snn = 2 to 200GeV

were fitted with the thermal model function, which took into account a longitudinal
flow. It was found that the average longitudinal velocity 〈βL〉 for pions increased
with the cm energy, approaching a value of 1 at maximal RHIC energies from a
value of 0.3 at AGS energies.18 The width of rapidity distributions of particles in
heavy ion collisions increased with increasing

√
snn. It was also observed that, at

fixed
√

snn, the width of rapidity spectra in heavy ion collisions increased with the
increase of impact parameter.18 In Ref. 23, the widths of the cm rapidity distri-
butions of the negative pions were extracted from fitting the pion spectra with a
Gaussian given by

F (y) =
A0

σ
exp

(−(y − y0)2

2 σ2

)
, (6)

where σ is the standard deviation, referred to as a width of distribution, y0 is the
center of Gaussian distribution and A0 is the fitting constant. As shown in Ref. 23
and presented in Table 7, the increase of the width of rapidity distributions of the
negative pions with increasing the collision impact parameter was observed also in
12C+12C collisions at

√
snn = 3.14GeV.

Table 7. Parameters extracted in Ref. 23 from fitting by Gaussian function, given in
expression (6), of the experimental cm rapidity distributions of the negative pions in
minimum bias, central and peripheral 12C+12C collisions at

√
snn = 3.14 GeV.

Collision type A0 σ y0 χ2/n.d.f. R2

Minimum bias 0.575 ± 0.004 0.793 ± 0.003 −0.016 ± 0.005 8.93 0.99
Central 1.44 ± 0.02 0.774 ± 0.006 −0.021 ± 0.009 2.52 0.99
∼ (0–10)%
Peripheral 0.274 ± 0.003 0.813 ± 0.006 −0.008 ± 0.009 2.76 0.99
∼ (40–100)%
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The collective flow of protons and negative pions was also observed experimen-
tally in He+C, C+C, C+Ne, C+Cu and C+Ta collisions at a momentum range
of 4.2A–4.5A GeV/c.48,71,72 One can have a rough estimate for an average width
(∆ycentr) of central rapidity region for pions coming from expansion and freeze-out
of a compressed nuclear matter in central 12C+12C collisions at

√
snn = 3.14GeV.

As the longitudinal component of the collective flow of the particles, in the case of
central symmetric collisions, expands simultaneously with the same 〈βL〉 to oppo-
site longitudinal directions from the cm of collision system, the rough estimate for
∆ycentr can be proposed as follows:

∆ycentr ≈ 2
(

1
2

ln
1 + 〈βL〉
1 − 〈βL〉

)
. (7)

Using the graph of the 〈βL〉 versus
√

snn dependence, given in Ref. 18, we obtained
a rough estimate 〈βL〉 ≈ 0.4 at

√
snn = 3.14GeV. Substituting this value into

expression (7), ∆ycentr ≈ 0.85 was obtained for the negative pions in 12C+12C
collisions at

√
snn = 3.14GeV. Interestingly, this estimate of ∆ycentr for the negative

pions proved to be close to the width (σ) of rapidity distribution of π− in central
collisions extracted using Gaussian fits in Ref. 23, and shown in Table 7. On the
other hand, the full width at half maximum (FWHM) of a Gaussian distribution
given in (6) is approximately 2.35σ. Using the width (σ) extracted in Ref. 23 for
central 12C+12C collisions (given in Table 7), FWHM ≈ 1.82 was obtained. This
value of FWHM came out to be close to the values of y0, extracted in the present
analysis, as seen in Tables 3 and 4.

The parameter ∆ in expression (4) could be ascribed to the quantity inversely
proportional to the rate of fall off in the rapidity spectra in the fragmentation
regions of the colliding nuclei. Indeed, by varying the ∆ value and keeping all the
other parameters fixed, it can easily be verified from expression (4) that the nor-
malized cm rapidity density decreases (the rate of fall off increases) with decreasing
parameter ∆.

Let us revert to the discussion of the factor (AA)f(y) in expression (4). It can
be assumed initially that, in symmetric central collisions with practically complete
overlap of the two colliding identical nuclei, this factor accounts for the degree of
involvement of all the constituent nucleons of the colliding nuclei in the creation of
a compressed nucleonic matter, or highly excited nuclear matter, at lower energies
(
√

snn < 5 GeV) or production of a fireball (or QGP) at higher energies (
√

snn >

5GeV). As f(y) = γy2(β = 0) is assumed in symmetric central collisions of identical
nuclei, such degree of involvement of the constituent nucleons of colliding nuclei in
central nucleus–nucleus collisions would be determined by the parameter γ. As seen
from Table 5, the value of γ for the negative pions increased quite prominently with
the increase of

√
snn from 6.3 to 12.3GeV in central Pb+Pb collisions. As shown

in Ref. 34, the value of γ for pions continued to increase with the cm energy even
at higher RHIC energies in central Au+Au collisions between

√
snn = 19.6 and

200GeV, reaching the value γ = −0.00890 ± 0.00003 in central Au+Au collisions
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1 10 100

-0.16

-0.12

-0.08γ
-0.04

0.00

(s
nn
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Fig. 3. Cm energy dependence of the parameter γ for pions, extracted in central 12C+12C (•),
central Pb+Pb34 (�), and central Au+Au34 (�) collisions. The data presented correspond to
∼ (0–10)% collision centrality.

at
√

snn = 200GeV. The cm energy dependence of the parameter γ, extracted for
pions in central 12C+12C collisions at

√
snn = 3.14GeV, central Pb+Pb collisions

at
√

snn between 6.3 and 12.3GeV, and central Au+Au collisions at
√

snn between
19.6 and 200GeV, is presented in Fig. 3. The observed cm energy dependence of γ

suggests its approximate (γ → 0 as
√

snn → ∞) asymptotic behavior.
It is important to mention that also the γ’s extracted for the other particles,

such as charged kaons and ϕ, produced in central collisions of identical heavy ions,
revealed33,34 the similar increasing trend with

√
snn and showed a tendency to

approach approximately zero value asymptotically as
√

snn → ∞. This can be
observed from Fig. 4, which presents the cm energy dependence of the parameter
γ extracted34 for the negative pions, K+, K− and φ mesons from their exper-
imental cm rapidity distributions in central Pb+Pb collisions at AGS and SPS
energies.

As seen from Fig. 4, the gap between γ′s, extracted for pions and for the charged
kaons and φ mesons, reduced quite prominently with the increase of

√
snn from 6.3

to 12.3GeV, and the γ′s for the charged kaons and φ tended to approach that
for the negative pions as

√
snn increased. The differences observed between the

γ’s extracted for various particles and shown in Fig. 4 can be explained if the cm
energy dependence of γ is related to the cm collision energy dependence of the
particle yields at midrapidity (dN

dy |ycm=0) and to the degree of dehadronization of a
collision system in central collisions of identical heavy ions. The differences between
γ′s for K+ and K− can be explained by the differences between K+ and K− meson
yields at midrapidity at AGS and SPS energies, discussed in Ref. 66. The differ-
ence in yields is determined by the quark content of these hadrons, K+(us̄), and
K−(ūs). The availability in a fireball of valence u, d quarks from colliding nucleons
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6 8 10 12

-0.12

-0.08

-0.04

(snn)
1/2, GeV

γ

Fig. 4. Cm energy dependence of the parameter γ extracted34 for the negative pions (•) , K+(�),
K−(�) and φ mesons (�) from their experimental cm rapidity distributions in central Pb+Pb
collisions at AGS and SPS energies.

“stopped” in the fireball led to a preferential production of hadrons carrying these
quarks.66 These differences vanished at higher RHIC energies, where hadrons were
mostly newly created and the production yielded a clear mass ordering.66 This sup-
ports further the statement that both the degree of dehadronization and fraction
of constituent nucleons of a collision system, which underwent transition into QGP,
along with its energy density, increase as

√
snn increases in central heavy ion colli-

sions at high energies. The differences in Fig. 4 between γ for φ mesons and γ′s for
the other particles can be explained by that the φ meson (ss̄) requires production
of both the strange quark and its antiparticle (much heavier than light u and d

quarks), which are not available in the colliding nucleons.
It can easily be verified that, for γ ≤ 0 and finite rapidities, the factor (AA)γy2

reaches its maximum value 1 at γ = 0. Hence, it can be conjectured that γ ∼= 0 could
possibly be related to the complete dehadronization of all the constituent nucleons
of a collision system as a result of head-on collision of two identical nuclei, when the
whole colliding system undergoes transformation into the state of deconfined quarks
and gluons (QGP) and attains its highest possible energy density. At fixed γ(γ < 0),
the factor (AA)γy2

has its maximum value 1 at ycm = 0 and falls off rapidly as |ycm|
increases towards the fragmentation region of the colliding identical nuclei, which
would mean asymptotically (AA)γy2 → 0 as |ycm| → ∞. While at γ = 0, the factor
(AA)γy2

would retain its maximum value 1 in the whole cm rapidity range of the
produced particles, being independent of ycm. Figure 3 shows a large gap between
the values of γ for central 12C+12C collisions at

√
snn = 3.14GeV and central

Pb+Pb collisions at
√

snn ≥ 6.3GeV. This is in line with the above mentioned
lattice QCD calculations, predicting the threshold energy density for deconfinement
phase transition to be reached already at

√
snn ≈ 5 GeV. Hence, the parameter γ

could possibly be sensitive to deconfinement phase transition of a nuclear matter
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and, as already argued, is possibly an indicator of degree of dehadronization of the
whole collision system (or/and an indicator of the fraction of constituent nucleons
of the collision system, which underwent transition into the QGP, and its energy
density) in central collisions of identical nuclei. We believe that, due to the lowest
threshold energy (among hadrons) of pion production (which requires only the
lightest u and d quarks and their antiparticles), an initial onset of deconfinement
transition could possibly be deduced from analysis of cm energy dependence of
the relevant pion spectra and related phenomenological parameter(s). For more
convincing evidence, one would possibly require 5–6 more experimental data points
for γ extracted for pions in central collisions of identical nuclei at

√
snn between 3

and 6GeV. Then, one could possibly identify and estimate the value of cm energy for
an abrupt growth of γ in experiment, for a comparison with the existing theoretical
expectations.

Due to the estimated threshold cm collision energy
√

snn ≈ 5GeV, required
for reaching the deconfinement threshold energy density, it is expected that quite
large fraction of constituent nucleons of a collision system should undergo transition
to QGP in central heavy ion collisions at

√
snn ≥ 6.3GeV. This fraction as well

as the energy density of QGP are expected to increase with increasing
√

snn in
this high energy domain. Much smaller value of γ extracted for central 12C+12C
collisions at

√
snn = 3.14GeV than γ′s obtained in central heavy ion collisions

at
√

snn ≥ 6.3GeV could then be explained by a very small or practically zero
degree of dehadronization of the constituent nucleons, and relatively small energy
density, reached in central 12C+12C collisions as compared to quite large fraction
of constituent nucleons of a collision system, which underwent transition into QGP,
and much higher energy densities attained in central Pb+Pb and Au+Au collisions
at high energies.

Finally, it is of importance also to check an initial assumption that the parameter
β in expression (4) should be fixed as β = 0 due to a symmetry of collision system.
For this, all the fits of the experimental and model spectra, presented in Figs. 1
and 2 and Tables 3 and 4, have been redone letting the parameter β to vary.
The parameters extracted from χ2 fitting by expression in (4) of the experimental
and Modified FRITIOF model cm rapidity distributions of the negative pions for
minimum bias, central and peripheral 12C+12C collisions for the fixed ∆ = 0.55
only, and allowing all the parameters to vary are presented in Tables 8 and 9,
respectively. As observed from Tables 8 and 9, the extracted values of β came out
to be essentially zero, within the uncertainties. This validates the initial assumption
that β = 0, made on symmetry consideration, for the cm rapidity distributions of
particles produced in collisions of identical nuclei. Comparing Tables 3 and 8 and
Tables 4 and 9, one can see that the varying of the parameter β practically has no
effect on and does not change appreciably any of the other extracted parameters,
such as C, γ, y0 and ∆.
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4. Summary and Conclusions

The experimental cm rapidity distributions of the negative pions in 12C+12C col-
lisions at 4.2AGeV/c (

√
snn = 3.14GeV) were described quite satisfactorily using

the simple phenomenological model, the GCM. Similar analysis was made for the
cm rapidity distributions of the negative pions, calculated using Modified FRITIOF
model, in 12C+12C collisions at

√
snn = 3.14GeV. The GCM parameters extracted

from fitting the cm rapidity distributions of the negative pions in central 12C+12C
collisions were compared with the corresponding parameters extracted earlier for
pions produced in central Pb+Pb collisions at SPS and AGS energies between√

snn = 6.3GeV and
√

snn = 12.3GeV and in central Au+Au collisions at RHIC
energies from

√
snn = 19.6GeV to 200GeV.

By letting the parameter β to vary, the initial assumption that β = 0 in expres-
sion (4), made on symmetry consideration, for the cm rapidity distributions of par-
ticles produced in collisions of identical nuclei was validated. The extracted values
of β came out to be practically zero and did not change appreciably any of the other
extracted parameters, such as C, γ, y0 and ∆. The ratio of the fitting constants C,
given in expression (4), in central and peripheral 12C+12C collisions agreed within
the uncertainties with the ratio of the mean multiplicities of the negative pions in
central and peripheral collisions, both in the experiment and model. This result
showed that the fitting constant C in expression (4) fixes the multiplicity of the
studied particles. Parameters y0(γ) and ∆ showed some noticeable correlation, i.e.,
y0(γ) decreased (increased) weakly with the increase of ∆. It was deduced that y0

was likely to be a quantity related to a maximum rapidity spread (around central
rapidity region) of particles originated from expansion and freeze-out of a fireball. A
rough estimate for the average size of central rapidity region for the negative pions
in central 12C+12C collisions was obtained to be ∆ycentr ≈ 0.85, using 〈βL〉 ≈ 0.4
at

√
snn = 3.14GeV extracted from the graph of 〈βL〉 versus

√
snn dependence,

given in Ref. 18. This value of ∆ycentr for the negative pions proved to be close to
the width (σ) of rapidity distribution of π− in central 12C+12C collisions extracted
using Gaussian fit in Ref. 23. The extracted values of y0 proved to be close to the
FWHM ≈ 1.82 (2.35σ) of rapidity distribution of the negative pions in 12C+12C
collisions. The parameter ∆ could be associated with the quantity inversely pro-
portional to the rate of fall off in the rapidity spectra in fragmentation regions of
colliding nuclei.

The parameter γ in the (AA)γy2
factor could possibly be an indicator of a

degree of dehadronization of all the constituent nucleons of collision system and
its energy density attained in central collisions of identical nuclei. Its approximate
(γ → 0 as

√
snn → ∞) asymptotic behavior was deduced from analysis of cm

energy dependence of γ, extracted for pions in central 12C+12C collisions at
√

snn =
3.14GeV, central Pb+Pb collisions at

√
snn between 6.3 and 12.3GeV and central

Au+Au collisions at
√

snn between 19.6 and 200GeV. The γ’s extracted earlier
for the other particles, such as kaons and φ, produced in central Pb+Pb collisions,
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also revealed the similar increasing behavior with the
√

snn and showed a tendency
to approach approximately zero value asymptotically as

√
snn → ∞. For γ ≤ 0

and finite rapidities, the factor (AA)γy2
attains its maximum value 1 at γ = 0.

Physically, γ ∼= 0 could possibly be related to complete dehadronization of all the
constituent nucleons of the collision system as a result of head-on collision of two
identical nuclei, when the whole colliding system undergoes transformation into the
state of free (deconfined) quarks and gluons, and attains its highest possible energy
density. A large gap was observed between the values of γ for central 12C+12C
collisions at

√
snn = 3.14GeV and central Pb+Pb collisions at

√
snn ≥ 6.3GeV.

This was in line with the theoretical expectation68 that the critical energy density
for transition of a nuclear matter into the phase of deconfined quarks and gluons
should reach already at

√
snn ≈ 5 GeV. Hence, the parameter γ could possibly

be sensitive to deconfinement phase transition. For more convincing evidence, one
would possibly require 5–6 more experimental data points for γ extracted for pions
in central collisions of identical nuclei at

√
snn between 3 and 6 GeV. This could

help to possibly identify and estimate the value of cm energy for an abrupt growth
of γ in experiment, for comparison with the existing theoretical expectations. Much
smaller value of γ extracted in central 12C+12C collisions at

√
snn = 3.14GeV than

γ′s obtained in central heavy ion collisions at
√

snn ≥ 6.3GeV could be explained
as follows. Very little or practically zero degree of dehadronization of constituent
nucleons with relatively low energy density is expected in central 12C+12C collisions
at

√
snn = 3.14GeV as compared to quite large degree of dehadronization of the

whole collision system with much higher energy densities attained in central Pb+Pb
and Au+Au collisions at high energies.
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